A function ,f(z) = z -x,R= 2 a,z", a, 2 0, analytic and univalent in the unit disk, is said to be in the family T*(a, b), a real and b 2 0, if I(zf '/f ) -al 6 b for all z in the unit disk. A complete characterization is found for T*(a, b) when a > 1. Also, sharp coefficient bounds are determined for certain subclasses of T*(a, b) when a < 1; however, examples are given to show that these bounds do not remain valid for the whole family. 0 1985 Academic Press, Inc.
INTRODUCTION
A function f(z) = z + C,"= Z a,,~", analytic and univalent in the unit disk A = { IzI < 1 }, is called starlike of order c(, 0 < CI 6 1, if Re(zf'/f ) 2 u for all z in A. When f can be written in the form f(z) = z -x;= 2 a,~", a, >/ 0, then f is said to be in the family T if it is univalent and in T*(g) if it is starlike of order LX. In [ 11, the following is proved. The equivalence of (i) and (iii) was then used to show that the extreme points of T*(a) are 1-U z and z--z"
(n = 2, 3,...).
(1) n-cc In addition, it was shown that T= T*(O).
DEFINITION. A function f in T is said to be in the family T*(a, h), a real andh>O,$Izf'/f-al6bforallzind.
Remarks.
(i) The equivalence of (i) and (ii) in Theorem A shows that T*(l, 1 -IX)= T*(u). (iv) The disk (lw-11 Gl} is contained in the disk {Iw-al 66) when a-b60 and a+b>2, i.e., when 11 -al <b-l. For this case, the inclusion T= T*(l, 1) c T*(a, b) together with the containment of T*(a, b) in T yields T*(a, 6) = T.
In this note we henceforth omit the trivial cases 11 -al 3 b and 11 -al < b -1, and determine coefficient inequalities for T*(a, 6) when a and b satisfy b-1 < 11 --al <b.
(2) When a 2 1, in which case we see from (2) that a 3 b, the techniques and results are similar to those for T*(u). The case a < 1 is more complicated. We obtain sharp bounds for certain subclasses when a < 1, and show why these bounds cannot be extended to include the whole family.
In the sequel, we shall always assume that f is an analytic function in d. COROLLARY. rf f (z) = z -c,"= 2 u,z" E 3"*(u, b), a < 1, then
Equality holds for
Proof: Since T*(a, b) c T*(N) for c1= max(a -6, 0}, the coefficient bound for T*(a, b) cannot exceed that for 7'*(a). By Theorem 2, the function given in (4) is a member of T*(a, b).
One might conjecture, based on Theorem 2 and its corollary, that for z -C,"= 2 a,z" E T*(a, b) we would have a, < (a + b -1 )/(n -a -b) when neither of the first two conditions given in (3) applies. But that would be wrong, as the following example shows. for all 0 as required.
Remark. The function z -(3/7) z*, which uniquely maximizes the second coefficient for functions in T*( 1/4)x T*(3/4, l/2), is not in T*(3/4, l/2) by Theorem 2. Thus we see from Example 1 that a2:z-f a,z"ET* n=2 Example 1 illustrates that the coefficient bound given in (3) is not necessary for f to be in T*(a, b). Theorem A and the inclusion T*(a, b) c T*(a) for LI =max{a-6, 0} show that the condition Cpz2 [(n-a)/ (1 -LX)] a, d 1 is necessary for f(z) = z -C,"= 2 anzn, a, 2 0, to be a member of T*(u, b). However, it is not sufficient since the inclusion is proper (cf. the remarks preceding Theorem 2). Our next theorem gives a sufficient condition. Remark. Since z -(l/3) Z*E T*(3/4, l/2), we see that (6) is not a necessary condition for f to be in T*(a, 6).
THE FAMILY Tz(a, b)
We now show that the coefficient bounds of Theorem 2 are valid for a special subclass of T*(a, b). Denote by r:(u, b) the functions in T*(u, b), a < 1, of the form z-C,"=, aZnz2". which is equivalent to the first inequality in (7). When z= -1, the right inequality in (8) becomes (1 + C,"= 1 2na,,)/( 1 + C,"=, a,,) 6 a + h, which is equivalent to the second inequality in (7). This completes the proof.
COROLLARY.
Zf~-~~=,u~~z*~E T,*(a,h), then qn 6 (1 -a + h)/(2n -u + h) (2n<u+h*)/(l -a), h,<u)
Equality holds for the extremul functions in Theorem 2.
Note that when bd,/o, b<u 6 413 -a, (9) b > a, we have (2n -@)/(I -a) < [2n -(a + b)]/(u + b -1) for all n so that the second inequality in (7) implies the first. In this case, the converse of Theorem 4 is also true. To see that f# T*(3/4,3/4), it suffices to prove that h(B) defined in Theorem 5 is negative for some real 0. We have Since h(q'2) = 0 and h'(n/2) < 0, it follows that h(e) < 0 for 8 = 7r/2 + E, E sufficiently small.
Our final theorem shows, using the same procedure as in Example 2,
